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A PROPERTY OF ^-SEQUENCES
ROBIN HARTSHORNE (*).
Let A be a noetherian local ring with maximal ideal m, containing a field k (not necessarily its residue field). Recall ( [1] ; [7] ) that an A-sequence is a finite set Xi, ..., Xr of elements of A, contained in the maximal ideal m, such that Xi is not a zero-divisor in A, and for each 1=2, ..., r, Xi is not a zero-divisor in A/(rci, .. ., rc;_i). We will show that for ma.ny purposes, the elements of an A-sequence behave just like the variables in a polynomial ring over a field. In particular, the sum, product, intersection and quotient of ideals generated by monomials in a given A-sequence are just what one would expect (see Corollary 1 below for a precise statement)., Proof. -We show 9 is injective by induction on r, the case r == o being trivial. Let r>o be given. Then x^ ...,Xr is an (A/rciA)-sequence, so by the induction hypothesis, we may assume that Since a-i is a non-zero-divisor in A, we havê x^sfn(x" ...,;r.)=o.
==.y
Reducing modulo x,, we find /^, ..., Xr) = o in A/r^A. Now since î s injective by the induction hypothesis, f,(X,, .. ., X,) = o, which is a contradiction. Hence t == o and cp is injective. Now to show A is Hat over T, we use the local criterion of flatness ( [3] , chap. Ill, § 5, no 2, theorem 1, (iii)) applied to the ring T, the ideal J = (xi, .... Xr), and the T-module A. We must verify the four following statements :
(a) T is noetherian (well-known). Proof (see also [7] , Appendix 6, theorem 3). -It is sufficient to show that for each n, J n |J n+i is a free A/J-module, with the images of the monomials in Xi, ..., Xr of degree n for basis. It is clear that these monomials generate J n |J n+i . To show they are linearly independent, let z be a monomial of degree n in Xi, .. ., Xr, and let J' be the ideal generated by all the other monomials of degree n and by J
7^1
. Then we must show that J r : z = J, which follows from Corollary 1. Remark. -A refinement of the proof of proposition 1 due to D. QUILLEN allows one to dispense with the hypothesis that A contains a field, provided that one is interested only in ideals of A generated by monic monomials in the Xi. In particular this is sufficient for the result of Corollary 2, and of Proposition 2 below.
As an application we give the following : PROPOSITION 2. -Let A be a noetherian local ring containing a field. Let I be a radical ideal in A (i. e. an ideal which is a finite intersection of prime ideals), and let J be any ideal generated by an A-sequence whose radical is I. Then, to within isomorphism, the A/I-module
is independent of J.
Example. -An interesting case (already known [2] ) is that of a local Cohen-Macaulay ring A, with I == m the maximal ideal. Then there are ideals J generated by an A-sequence with radical nx, so that M is defined. But by definition, H depends only on the radical of J [5], so we are done.
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